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Abstract 

We derive bounds on the number of switches at an arbitrary set of 
positions in a circular sequence of permutations and relate them to the 
diameter of Multipermutohedra. 
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1 Introduction 

A sequence of TV + 1 (with N — (^)) permutations, V — (ir , . . . , tt^), in the 
symmetric group Sn is called a circular sequence if ttq = 1 2 ... n is the identity 
permutation, tt^ = n (n — 1) ... 1 is the reverse permutation and 7r,+i differs 
from TTi by an adjacent transposition, i.e., 7Tj+i = Tti + 1) for some j such 
that iTi(j) < TTi(j + 1). These sequences are used for bounding the number of 
fc-sets of a point configuration X in the plane (a A;-set of A" is a subset of size k 
separated by a line from the other points in X). The connection between /c-sets 
and circular sequences was first established by Goodman and Pollack [5]. For a 
subset K C [(n — l)/2], one can also bound the number of fc-sets, k G K over 
all point configurations X . Such bounds were established for specific choices of 
K using this connection (see [HIS]). 

For the sequence V . defined above, the process of moving from 7r,; to 7r i+1 
is referred to as a switch (^i(j),TTi(j + 1)) at position j (note that the numbers 
being swapped are iTi(j) and 7Tj(j + 1)). We define Sj (V) to be the total number 
of switches at position j. We count the total number of switches at a given set 
of positions y = {yi, . . . , y n ] C [N — 1], with yx < y% < ■ ■ ■ < y n which is 

s(V,y) = s yi (V) + --- + s yn (V). 
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Our goal is to derive a bound on s(V,y) and show how it relates to the 
diameter of multipermutohedra (which, as we will see later, are essentially "per- 
mutohedra on multisets"). 

In the next section, we estimate s(V,y). In Section [3j we introduce the 
multipcrmutohedron and derive bounds on its diameter. In Section |1J we show 
how the diameter of multipermutohedra relates to a variant of the fc-set problem. 

We fix some notations, [n] represents the set {1, 2, . . . , n}. If x is not an 
integer, we write [a;] instead of [ L^J ] - F° r S C [n] and x £ M™ define x(S) := 
x i an d denote the size of S by \S\. 

A composition of n is a sequence of positive integers A := (Ai, . . . , A&) with 
= n. 

Permutations in S n will be represented as words. We call e := 1 2 . . . N € <Sjv 
the identity permutation and e := N N — 1 . . . 1 the reverse permutation. 

2 A Bound on Circular Sequences 

With V and y as defined above, we evaluate s^^y) in the following way. Each 
i € [N] starts at position i in the identity permutation e and reaches position 
N — i + 1 in e. Following the notation of [5] , we refer to the positions y\ , . . . , y n 
as gates and define Ci to be the number of gates that i must cross in order to 
reach position N — i + 1. q is interpreted as the cost in moving i to position 
N — i + 1. As Ci — Cjv-i+i, the total cost c(N) is 

N LfJ 
c(N) := = 2^ Cl . 

Next, we define the vector a; = (xi, . . . , x n ) where Xj represents the distance 
of yj from one of the ends, i.e. 

Xj := min{vj,N- (1) 

Let (pi, . . . be the permutation of (xi, . . . , x„) with iV/2 > pi > ■ ■ ■ > 
p n > 0. Any number j such that p^+i < j < pi has cost cj = i (we assume 
p n +i = 0). Hence 

71 

c{N) = 2 y £ j i{p i -p i+1 )=2p{[n}) = 2x{[n)). 

We now amortize the cost c(N) over V. Each switch (i,j) across a gate is 
interpreted as contributing +1 or —I to a according to whether i moves towards 
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or away from position N — i + 1. A switch (i,j) across a gate is called good if it 
contributes 1 to both Cj and Cj and bad if it contributes 1 to a (or c,-) and —1 
to the other. We observe that every switch across a gate is either good or bad, 
i.e., must contribute +1 to the cost of at least one of the numbers being moved. 
This follows from the fact that i < j, so if i is in position > N — i > N — j, 
then j moves towards N — j + 1 . 

Hence, good switches contribute 2 to c(N) while bad switches contribute 0. 
Since c(N) = 2x([n]), the number of good switches is x([n]). Thus if Sb(V,y) is 
the number of bad switches, then 

s(V,y)=x([n}) + s b (V )y ). (2) 

Thus, it suffices to estimate Sbi/P,y), in order to bound s(V,y). Let I be 
the number of y^ smaller than N/2, i.e., yi < N/2 while yi+\ > N/2, and let 
r := n — /. In other words, I and r represent the number of gates to the /eft and 
right of N/2 respectively. The following result bounds s(V,y). 

Theorem 1 Let 

s(y) = min{s(/P,y) \ V is a circular sequence} 

be the minimum of the number of switches at a set of positions given by y over 
all circular sequences of permutations in Sn- Then, 

x {[ n Y) < s (y) < ^(W) + 

Proof. From we observe that s(V,y) > x([n]) for any circular sequence V . 
This proves the lower bound for s(y). 

To show the upper bound, we construct a circular sequence V such that the 
number of bad switches SbiV, y) < Ir. We construct the sequence in two phases. 

In the first phase, we move the numbers 1, . . . , r to positions y r , y r -i, ■ ■ ■ yi 
and the numbers N, N— 1,. . . ,N — i + 1 to positions y r +i, ■ ■ ■ ,y n m the following 
way. Starting from e, we move 1 to position y r through a sequence of switches 
(1, i), i < y r . Next, 2 is moved to position y r -\ with the switches (2,i),i < 
y r -i- Continuing this way, the first r and the last / numbers (in the order 
N, N — 1, . . . , N — I + 1) are moved to positions y r , y r -i, ■ ■ ■ , yi and y r +i, ■ ■ ■ , y n 
respectively. 

The resulting permutation is 

r + l...r\...r-l\ 2\ . . . 1| . . . iV| . . .N - 1| N - I + 1| . . . N - I 

where the | indicates the gate positions y%, . . . , y n and the numbers r+1, . . . , N—l 
are in the remaining positions in increasing order. 



3 



The second phase consists of moving N—i+1 to position i for i = 1,2,..., |_^rj • 
This is done by starting with N and moving it to the first position by switch- 
ing it in succession with the numbers 1, . . . , r. This brings 1, . . . , r to positions 
Vr+ij Vri ■ ■ ■ iV2 an d r + 1 to position yi if y-y > 1. Next we move N — 1 to the 
second position. In general, suppose 7 is a permutation in this sequence with 
the last i numbers in the first i positions and the first j numbers in the last j 
positions, and 7(1 + 1) = k, i.e. 

j = NN-l...N-i + lk...k-l\...k-2\ j + 1| . . .N- i j j - 1 . . . 1. 

Here the numbers j + 1, . . . , k — 1 are at the gate positions and the numbers 
k, fc+1, . . . , N— i— 1 are in the remaining positions in increasing order. Switching 
N — i in succession with j + 1, j + 2, . . . , A; moves N — i to position i + 1, and 
j + 1 to position N — j resulting in the permutation 

NN - 1 . . .N - i k + 1 . . . k\ . . . k - 1| j + 2| . . . N - i - 1 j + 1 j . . . 1. 

Repeating this operation, we finally obtain the permutation e. 

We observe that all switches in the second phase are good; for a switch 
across a gate, the numbers 1, . . . , (i — 1) are already to the right of i. So i is at 
position < N — i + 1 . The same argument holds for j . 

In the first phase, suppose / < r. Then the number of bad switches are at 
most l(r — I) for moving the numbers I, ... ,r — I to positions y r , y r -i, ■ ■ ■ , Vi+i] 

(I - 1) + (/ - 2) H h = 1(1 - l)/2 for moving the numbers r - I + 1, . . . ,r 

to positions t/j, yz_i, ■ ■ ■ ,yi and i + (/ — 1) + • • • + 1 = 1(1 + l)/2 for moving the 
numbers TV, N — 1, . . . , N — I + 1 to positions y r +i, ■ ■ ■ ,y n adding up to a total 
of at most Ir bad switches. The case I > r is handled similarly. This proves the 
result. □ 

Example 2 Let N = 8 and y = {1,4,6,7}. By Q, x = (1,4,2,1). Since 
j/X < A72 and 2/2 > N/2, Z = 1 and r = n - I = 3. By Theorem[l] 

8 = 5^2* < s (y) < 8 + /r = 11 

To construct a circular sequence V with s(V,y) = 11, we start with the 
identity permutation and move the numbers 1, 2, 8 to positions y 3 , y 2 ; 2/4 leading 
to 3452618 7. Next we move 8 to position 1 by switching it in succession with 
the numbers 1,2,3 giving 84536217. Next 7 is moved to the second place. 
We summarize by showing some of the permutations in this sequence. 

1|234|56|7|8 -A 3|452|61|8|7 

8|453|62|1|7 8|754|63|2|1 87654321. 

where the numbers above the arrows indicate the number of switches required 
to move to the next permutation, the '|' show the positions where the switches 
are counted and the numbers being switched are underlined. □ 
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We see that the lower bound for s(y) is attained when all the gates are to 
the left (or right) of the middle. In this case, r = (resp. I = 0) and the two 
bounds for s(y) coincide. The upper bound is attained when y = [N — 1]. In 
this case, s(y) = („), i.e. we count switches at all positions. 

3 Circular Sequences and Multipermutohedra 

The multipermutohedron is a generalization of the permutohedron Pjy which 
is the convex hull of all permutations of the point (1,2, ...,7V) 6 H . A 
multipermutohedron is defined by taking the convex hull of all permutations of 
a multiset, that is, a "set" with repeated elements. 

Let b\ < 62 < • • ■ < b n be n distinct numbers (n > 1) and consider the 
multiset with ki copies of hi for i = 1, . . . ,n, i.e. 

M :={b k 1 1 ,b^,...,b^} = {a 1 ,...,a N } h > 0, i = 1, . . . , ra (3) 

n 

with ai < C12 < • • • < ayv an d A = fej. Let P(M) C IR^ be the polytope 

formed by taking the convex hull of all permutations of the point (a 1; . . . , ctjv) S 
IR^. We call P(M) the multipermutohedron on the multiset M. 

Multipermutohedra were first studied by Schoute [7] , who constructed them 
all from the simplex by a sequence of simple operations of expansion and con- 
traction. Independent treatments of multipermutohedra also appear in [21 [S] . 
The proofs for the assertions that follow can be found in [2], 

The inequality description of P(M) is a direct generalization of the descrip- 
tion for the permutohedron. 

N \S\ 

P(M) = {x e M N I x([N]) = ^2cn, x{S) > J2 a ^ for a11 s c W] >• 

i=i i=i 

Thus if M = {1, 2, 2, 3}, then P(M) C M 4 is given by 

%i + x 2 + x 3 + x 4 = 8 

1 < Xi < 3 i = l,...,4 

Xi + Xj > 3 1 < i < j < 4. 

Figure [l] shows P({1, 2, 2, 3}). It has 14 facets corresponding to these 14 
inequalities, which correspond, in turn, to the 14 ordered partitions of the set 
{1, 2, 3, 4} into two parts. 

Faces of P(M) are products of lower dimensional multipermutohedra and 
correspond to ordered partitions of [N]. As in the permutohedron, the face 
lattice of the multipermutohedron does not depend on the numbers being per- 
muted but only on their multiplicities. Henceforth we assume that, in p|, h = i 



5 



(2,2,1,3) 



Figure 1: A 3-dimensional multipermutohedron P({1, 2, 2, 3}). 
and rewrite M as 

M = {l kl ,...,n k "}. (4) 



Given a G Sjy, the vertex a a has l's in positions cr(l), . . . , a(kx), 2's in 
positions a(k\ + 1), . . . , er(fci + fc 2 ) and so on, i.e. 

«ff := (a<r-i(i), • ■ ■ > a<r-i(jv))- ( 5 ) 

Note that this correspondence is not one-to-one; several permutations will 
correspond to the same vertex of P(M). 

Adjacency of vertices on P(M) is obtained by switching two components 
whose values are consecutive. The relation to permutations is as follows. For 
j = 1, . . . , n, define 

Vj := h H h kj (6) 

and let yo = 0. We define blocks of consecutive integers S\, . . . ,S n by 

S J '■= [Vo\ \ [Vj-i]- 

Given a, ~n € <S_/v, the vertices a CT and a T are adjacent if a T = <V(i,j) f° r some 
transposition with i and j in successive blocks. In other words, 7r is 

obtained from a by switching 0(1) and o(j) for some z and j in successive 
blocks and possibly permuting the values of o~(i,j) within each block. 

Example 3 Let M = {1, 2, 2, 3} as earlier. Let e = 1 2 34 be the identity per- 
mutation. This corresponds to the vertex a e — (1, 2, 2, 3) of P(M). Multiplying 
e by transpositions with i,j in successive blocks leads to the permuta- 

tions 2134, 3214, 1432 and 12 43. These in turn correspond to the vertices 
(2,1,2,3), (2,2,1,3), (1,3,2,2) and (1,2,3,2) that are adjacent to (1,2,2,3) as 
shown in Figure [l] □ 
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For a, tt € <Sjv, we denote by d(o~, tt), the shortest distance between the 
vertices a a and a T in P(M). For convenience, we also denote the vertex a a in 
P(M) by cr. 

The diameter oiP(M) (denoted diam(P(M))) is the largest of the distances 
between pairs of vertices of P(M). 

Proposition 4 The vertex farthest from a G P(M) is a — <r(N) a(N—l) . . . a(l) 
The diameter of P(M) is d(e,e). 

Proof. We first show that the vertex farthest from e in P(M) is e. This will 
follow if we can show that for any permutation tt with ^ a s , switching a pair 
of numbers tt(i) < tt{j) with i < j in successive blocks yields a permutation 
it' = Tt(i,j) with d(e,TT / ) > d(e, 7r). 

Suppose d(e,ir) > d{e,ir'). Let i' = 7r(i) and j' — Tr(j). Since 7r and tt' are 
adjacent vertices in P(M), d(e, tt) = d(e, 7r')+l. Consider the shortest path from 
e to 7r through 7r'. Let 7, ai be successive vertices on this path with a^ l (j') < 
ct^ l (i r ) in successive blocks while 7 _1 (i') and 7 _1 (j') are either in the same 
block or in successive blocks. Hence, in going from 7 to a±, we have moved j' to 
the left of i' . Let the vertices on the path from 7 be 7, ai , . . . , = tt' , a p = tt. 
We construct a shorter path from 7 to tt, namely 7, f3\, . . . , (3 p -\ — tt where for 
each m, j3 m — {i' ,j')a m . We see that for each to > 0, /3 m +i differs from j3 m by 
a transposition across adjacent blocks showing that they are adjacent. Since Pi 
switches i' and j' in a l5 we see that either fii = 7 or fii and 7 are adjacent (this 
case subsumes the possibility of P\ = a\). In any case we see that this path 
is shorter than our chosen path by at least 1. This contradicts our hypothesis 
that d{e,Tr) > d(e,TT / ) proving our claim. 

Given a path from e to tt in P(M), multiplying the permutations in this 
path by a yields a path from cr to an of the same length. Hence the vertex 
farthest from a is ae — a and d(cr, a) — d(e, e) proving the result. □ 

We now relate the diameter of P(M) to circular sequences. Let the multi- 
set M and y = (yx, . . . ,y n ~i) be given by Q and Q respectively. From the 
criterion for adjacency of vertices on P(M), we observe that each circular se- 
quence V corresponds to a path in P(M) from e to e of length s(V,y). From 
Proposition |4j it follows that 

diam (P(M)) = minjs^,?/) | V is a circular sequence}. 

Theorem [l] automatically translates to bounds on diameter of P[M). 

Corollary 5 Let M be defined by ^ with ki > and let y = (yi, . . . , y n -\) 
and x — (x\, . . . ,x n -\) be specified by |#|) and |Ip. Then the diameter of P(M) 
is bounded by 

x([n - 1]) < diam (P(M)) < x([n - 1]) + Ir 
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with I and r as defined in Theorem [7J □ 

Example 6 Consider the multiset M = {1, 2 3 , 3 2 , 4, 5}. The vectors y and x 
given by ([6} and Q are y = (1, 4, 6, 7) and x — (1, 4, 2, 1). Since y\ < N/2 and 
V2 > N/2, I = 1 and r = n - 1 - I = 3. By Corollary[5j 

8 = ^ - diam ( p ( M )) < 8 + Zr = 11. 

A circular sequence V with s(V ,y) — 11 was constructed in Example 2 and 
this translates to a path of length 11 between e and e in P(M). □ 

It's easy to see that the upper bound in Corollary [5] is attained for the 
permutohedron Pjy which has a diameter of (^). Also, for small n, it's possible 
to derive an explicit expression for diam(P(M)). 

Proposition 7 Let the multiset M be given by the composition (k\, . . . , k n ) of 
N. Ifn = 2 then diam (P(M)) = min{fci,A:2}. When n = 3, 



diam (P(M)) = 



X\ + x 2 if ki ^ fc 3 ; 

x\ + X2 + 1 = 2ki + 1 if ki = kj,. 



Proof. For n = 2, the lower and upper bounds for the diameter in Corollary [5] 
are the same and the result follows. If n = 3 and k\ ^ k% then it is easy 
to show by a careful choice of switches that the lower bound for the diameter 
is attainable. If ki — fc 3 , then by Corollary [5j the diameter is either 2k\ or 
2k\ + 1. The lower bound is not attained because, for any circular sequence, the 
switches at positions k\ and N — k\ cannot all involve a number less than k\ 
and a number greater than N — k±, i.e., there must be at least one bad switch. 
This proves the result. □ 

We observe that since the diameter of P(M) is obtained by counting the 
number of switches at certain positions in a circular sequence in S n, its value 
is at most the total number of switches i.e. (^) . It would be interesting to 
determine, in some form, all the integers in the set [(^)] that are the diameters 
of multipermutohedra P(M) C E w for some M given by (UJ). 



4 Multipermutohedra and /c-sets 

We now relate the diameter of the multipermutohedron to arrangements of 
points on a plane. Let X C IR 2 be a configuration of N points in general 
position on a plane, i.e., no three points of X lie on a line. For k < [N/2\, we 
define a left (resp. right) k-set to be a set of k points of X that lie on the left 
(resp. right) of a line (with respect to a directed reference line, say the X-axis). 
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For a line parallel to the X-axis, we take the left of the line to be the open 
half-space above the line. A fc-set of X is either a left fc-set or a right fc-set. Let 
fi(k, X), f r (k, X) and /(fc, X) denote the number of left fc-sets, right fc-sets and 
fc-sets of X respectively. 

For subsets L,RC [(AT — l)/2], we count the number of sets that appear as 
a left fc-set for k £ L or a right fc-set for k e R. We define 

f(L,R,X):= f( k > X ) + E /«(*>*) + E fr(k,X). (7) 

keLnR k£L\R keR\L 

When L = R C [(AT — l)/2], we are counting the number of fc-sets for fc € L 
and we write f(K,X) for f(K,K,X). Our objective is to derive bounds for 
f(L,R,X) in terms of the diameters of certain multipermutohedra. 

Since the minimum (resp. maximum) of f(L, R, X) is not affected by a slight 
perturbation of the points of X , we assume that no two points of X lie on a line 
parallel to the AT-axis. Then, for each k < (N — l)/2, there are two fc-sets that 
are both left fc- and right fc-sets. Hence 

f l (k,X)+f r (k,X) = f(k,X) + 2. (8) 

Following the approach of Goodman and Pollack [5] , we associate with X a 
circular sequence of permutations in the following way. Project the points of X 
onto a directed line i parallel to the Y-axis. Label the projected points on I in 
the order 1, . . . , N and rotate I counter clockwise. The projection of the points 
on I determines a permutation 7r € Sjq. The first fc points 7r(l), . . . , 7r(fc) form 
a left fc-set while the last fc points ^(A" — fc + 1), . . . , ir(N) form a right fc-set. 
When I becomes perpendicular to a line joining a pair of points of X, the order 
of the projection of these two points on i is reversed. The new permutation 
differs from tt by an adjacent transposition. When £ has rotated through an 
angle of 180°, the order of the projected points becomes N, N — 1, . . . , 1. Thus 
X describes a circular sequence of permutations V(X) = (e, tti, . . . , = e). 
If Sk is the number of switches at position fc in V(X), then the number of left 
fc-sets fi(k,X) = Sk + 1 and the number of right fc-sets f r (k,X) = sjv-fc + 1- 
Hence by the number of fc-sets f(k,X) — s k + s N _ k . By 

f(L, R,X) = J2 S * + 1>2 s ^-^ + \LUR\-\LnR\. (9) 

k£L k£R 

The subsets L and R define a composition (L, R) = (fci, . . . , fc„) of N where n = 

+ + l and the elements of L are the partial sums fci+fc2 + - • -+ki that are at 

most (AT — l)/2 while the elements of R are the partial sums fc„ + fc„_i H h kj 

that are at most (N — l)/2. Let P((L,R)) be the multipcrmutohcdron defined 

by this composition. Then the sequence V{X) describes a path in P((L,R}) 

from e to e of length ^2 s k + ^2 sw-fc which must be at least its diameter. 

feeL keR 
This gives a lower bound for f(L, R, X). 
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To bound f(L, R, X) from above, we consider the subsets L := [N/2] \ L and 
R := [(N — l)/2] \ R. As before, these define a composition (L, R) of N and a 

JV-l 

multipcrmutohedron P((L, R)). Since ^2 Sk — ( 2 ), we can rewrite (9 1 as 



fe=i 



f(L,R,X)= (^) - ( ^Sfe + ^sjv-fe ] + \LUR\-\LHR\ 

K keL k£R 

This gives the upper bound for f(L,R,X) and ties the diameter of P(M) to 
fc-sets in the following way. 

Theorem 8 Let X be a configuration of N points in IR 2 in general position 
and let L,RC [(N - l)/2]. Then the function f(L,R, X) - \L U R\ + \L D R\ is 
bounded from above and below by the diameter of multipermutohedra P((L,R}) 
and P({L, R}), that is, 

diam (P((L, R))) < f(L, R, X) - \L U R\ + \L n R\ < ( ] - diam (P((L, R))). 



In particular, 



diam(P((K,K)))<f(K,X) < (^j - diam (P((K, K))) 

thus bounding the number of k-sets for k G K C [(JV — l)/2] &y diameters of 
multipermutohedra. □ 

The problem of fc-sets and its relation to circular sequences has been exten- 
sively studied (see [TJ HI [5]). In [5], fc-sets are used to derive a lower bound 
on the number of convex quadrilaterals in a set of n points in the plane. 

A lower bound for the number of fc-sets of a point configuration in general 
position follows from Proposition [7] and the above theorem. As observed in [6 , 
Example 8] , this lower bound of 2fc + 1 can actually be achieved by a configu- 
ration of N points {N > 2fc + 1) which consist of a regular [2k + l)-gon with 
the remaining points situated close to the center of the gon. Finding the upper 
bound for the number of fc-sets seems to be a harder problem. Some estimates 
for this bound are given in [H [3] . 

Acknowledgment. The author would like to thank L. J. Billera for helpful 
discussions. 
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